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KIRCHBERG’S FACTORIZATION PROPERTY FOR
DISCRETE QUANTUM GROUPS
ANGSHUMAN BHATTACHARYA AND SHUZHOU WANG
Abstract. We show that the discrete duals of the universal unitary quantum
groups U+n and orthogonal quantum groups O
+
n have Kirchberg’s factorization
property when n 6= 3.
1. Introduction
In [16], using left λ and right ρ regular representations of the free group on
two generators F2, Takesaki discovered that the product representation of the alge-
braic tensor product of the reduced algebras λ(C∗(F2))⊗alg ρ(C
∗(F2)) in B(ℓ
2(F2)),
defined on simple tensors by
λ(C∗(F2))⊗alg ρ(C
∗(F2)) ∋ λ(a)⊗ ρ(b) 7−→ λ(a)ρ(b) ∈ B(ℓ
2(F2)),
is unbounded for the minimun C∗-tensor norm, thus giving rise to a C∗-norm on
this tensor product that is different from the minimum norm. More than ten years
later, replacing the reduced group C∗-algebra of F2 by the full group C
∗-algebra,
Wassermann [23] showed that the product representation (λ · ρ)alg of the algebraic
tensor product C∗(F2)⊗alg C
∗(F2), defined on simple tensors by,
(λ · ρ)alg : C
∗(F2)⊗alg C
∗(F2) ∋ a⊗ b 7−→ λ(a)ρ(b) ∈ B(ℓ
2(F2)),
is bounded for the corresponding minimun C∗-tensor norm; that is, the representa-
tion (λ · ρ)alg has a (bounded) extension to the minimal C
∗-tensor product
(λ · ρ)min : C
∗(F2)⊗min C
∗(F2)→ B(ℓ
2(F2)).
Motivated by these results, Kirchberg [13] defined that a discrete group Γ has the
factorization property if the representation (λ ·ρ)alg of C
∗(Γ)⊗alg C
∗(Γ), defined as
above with F2 replaced by Γ, has a (bounded) extension to the minimal C
∗-tensor
product
(λ · ρ)min : C
∗(Γ)⊗min C
∗(Γ)→ B(ℓ2(Γ)) (1.1)
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so that the representation of the maximal C∗-tensor product
(λ · ρ)max : C
∗(Γ)⊗max C
∗(Γ)→ B(ℓ2(Γ)) (1.2)
admits a factorization of the form (λ · ρ)max = (λ · ρ)min ◦ π, where
π : C∗(Γ)⊗max C
∗(Γ)→ C∗(Γ)⊗min C
∗(Γ) (1.3)
is the canonical surjection. Kirchberg showed in [13] that Γ has the factorization
property if and only if the Plancherel trace on C∗(Γ) is amenable, extending Connes
[10] (see Section 2 below for details on amenable traces), and that a group with
Kazhdan’s property T has the factorization property if and only if it is residually fi-
nite. So far little is known about this mysterious class of groups beyond Kirchberg’s
fundamental work, except the counter examples in [17].
In [25], Woronowicz introduced the abstract theory of compact quantum groups
that includes compact groups, Kac type compact quantum groups [12], and the
well known deformations of compact Lie groups [24, 26]. Borrowing the notation
from compact abelian groups, for a compact quantum group G, we use the notation
C(G) = C∗(Gˆ), where Gˆ is the discrete quantum group dual to G. It is known that
all discrete quantum groups can be obtained in this fashion. AssumeG is a Kac type
compact quantum group. Then the antipode κ on C(G) is bounded and involutive
and its Haar state h is a trace. Denote Gˆ by Γ and let λ be the GNS representation
associated with h, λ(a)Λh(b) = Λh(ab), where a, b ∈ C
∗(Γ) = C(G), Λh(b) is the
image of b in the GNS Hilbert space ℓ2(Γ) := L2(C(G), h). Define ρ(a)Λh(b) =
Λh(bκ(a)). As in the case of a discrete group, we define that a discrete quantum
group Γ has Kirchberg’s factorization property if the representation (λ · ρ)alg of
C∗(Γ)⊗alg C
∗(Γ) = C(G)⊗alg C(G) has a (bounded) extension of the form (1.1).
Woronowicz’s abstract theory led to the discovery of a different kind of compact
quantum groups, Au(n) and Ao(n) (cf. [19]), called the universal unitary quantum
groups and universal orthogonal quantum groups. In [2, 3], Banica conducted a
deep study of these quantum groups that laid foundation for much of the subsequent
work on these objects. Banica and his collaborators also invented the notation U+n
and O+n for these quantum groups to denote Au(n) = C(U
+
n ) and Ao(n) = C(O
+
n ).
In this paper, we show that the discrete quantum group duals Û+n and Ô
+
n has
Kirchberg’s factorization property when n 6= 3.
This paper is organized as follows. In Section 2, we collect some basic concepts
and results for convenience of the reader. All compact quantum groups are assumed
to be of Kac type in this paper. In Section 3, we prove Theorem 3.3 which states that
the Haar trace of a compact quantum group is amenable if the quantum group is
generated in the sense of Brannan-Collins-Vergnioux [6] by two quantum subgroups
with amenable Haar traces. Finally, in Section 4, using Theorem 3.3 and results of
Brannan-Collins-Vergnioux [6] and Brown-Dykema [7], we show that for n 6= 3, the
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Haar traces on U+n and O
+
n are amenable, which means equivalently that discrete
quantum group duals Û+n and Ô
+
n have Kirchberg’s factorization property.
2. Preliminaries
For convenience of the reader and to make this paper reasonably self-contained,
we summarize here several main concepts and results that we will use.
For simplicity of notation, A⊗B denotes the minimal tensor product A⊗min B
of two C∗-algebras A and B, which is the same as the spatial norm; Mn = Mn(C)
denotes the n× n complex matrix algebra.
There are many equivalent definitions of a compact quantum group (see Sect. 2
of [19]). The tersest one is probably the following.
Definition 2.1. (cf. [27]) A compact quantum group (CQG) is a pair G =
(A,∆) where A is a C∗algebra with unit and ∆ : A → A ⊗ A is a morphism of
unital C∗-algebras such that
(1) (∆⊗ id)∆ = (id⊗∆)∆;
(2) The vector spaces (1⊗A)∆(A) and (A⊗ 1)∆(A) are dense in A⊗A.
The C∗-algebra A is also denoted by C(G) and AG. We use ∆G to denote the
coproduct ∆ for G for clarity when necessary.
One of the most important properties of a CQG is the existence of a Haar
measure, also called the Haar state, as described in the theorem below. It
gives rise to the Peter-Weyl theory of a CQG that ensures that the vector space
AG of matrix elements of all finite dimensional representations of G is a Hopf ∗-
algebra dense in A. The antipode κ of AG is an antihomomorphism and is given
by (id⊗ κ)(v) = v−1, where v is an finite dimensional representation of G.
Just as the group algebra of a discrete group, the ∗-algebra AG has a universal
(i.e. maximum) C∗-norm and a reduced (i.e. minimum) C∗-norm. We assume the
C∗-norm on A = C(G) to be universal. The C∗-algebra C(G) is also isomorphic
to the universal group C∗-algebra C∗(Gˆ) of the discrete quantum group dual
Gˆ of G. Our focus will be on the algebra A = C(G) = C∗(Gˆ) without worrying
about details of the duality theory or axiomatic theory of discrete quantum groups
as found in [15, 11, 18].
Theorem 2.2. (Haar measure, cf. [25, 27]) Let G = (A,∆) be a CQG.
(1) There is a unique state h on A such that for all a in A,
(id⊗ h)∆(a) = (h⊗ id)∆(a) = h(a)1A. (2.1)
(2) The state h is a trace if and only if κ has a bounded extension to a ∗-isomorphism
from A to its opposite C∗-algebra Aop such that κ2(a) = a for all a in A.
When (2) of the above holds, we say G is a CQG of Kac type, or A is a
compact type Kac algebra [12], and we continue to use κ to denote the extended
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anti-isomorphism. The Haar state will be also called the Haar trace in this case.
It will be the main object of study in this paper.
Quantum groups in this paper will be of Kac type unless otherwise stated.
Examples 2.3. (cf. [19]) Let n be a natural number.
The universal unitary quantum group U+n has quantum function algebra
Au(n) = C(U
+
n ) defined by generators and relations as follows:
C(U+n ) = C
∗{uij | uu¯
t = In = u¯
tu, utu¯ = In = u¯u
t} (2.2)
where u = (uij), u
t = (uji), u¯ = (u
∗
ij), as elements in the n × n matrix algebra
Mn(C(U
+
n )) =Mn ⊗ C(U
+
n ) with entries in C(U
+
n ).
The universal orthogonal quantum group O+n has quantum function algebra
Ao(n) = C(O
+
n ) defined by generators and relations as follows:
C(O+n ) = C
∗{uij | uu
t = In = u
tu, u¯ = u} (2.3)
The coproduct for both C(U+n ) and C(O
+
n ) are given by the same formula
∆(uij) =
n∑
k=1
uik ⊗ ukj . (2.4)
Both U+n and O
+
n are CQGs of Kac type with the antipodes κ defined by
κ(uij) = u
∗
ji. (2.5)
Definition 2.4. A quantum subgroup (cf. [19, 2.13]) of G is defined to be a
pair (K,π) where K is a CQG and π : C(G) → C(K) is a surjection such that
(π ⊗ π)∆G = ∆Kπ.
According to Brannan, Collins and Vergnioux [6, Definition 4], we say G is
generated by its quantum subgroups (G1, π1) and (G2, π2), denoted G =
〈G1, G2〉, if
MorG(u, v) = MorG1(π1(u), π1(v)) ∩MorG2(π2(u), π2(v))
for every pair of finite dimensional representations u, v of G, where MorG(u, v) is
the linear space of intertwiners from u to v [25, 26], and πi(u) denotes, by abuse of
notation, the representation (id ⊗ πi)(u) of Gi obtained as restriction of u to Gi,
i = 1, 2. This notion is also implicit in the proof of Theorem 3.1 in Chirvasitu [9].
For continuous functionals ϕ, ψ on C(G), ϕ⋆ψ denotes their convolution defined
by ϕ ⋆ ψ = (ϕ⊗ ψ)∆, and ϕ⋆k = ϕ ⋆ ... ⋆ ϕ (k times).
Proposition 2.5. ([6, Proposition 3.5]) Let (G1, π1) and (G2, π2) be quantum sub-
groups of G. Let hG and hGi be Haar states for G and Gi and let τi = hGiπi,
i = 1, 2. Then the following are equivalent.
(1) G = 〈G1, G2〉.
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(2) hG = lim
k→∞
(τ1 ⋆ τ2)
⋆k pointwise on C(G).
The quantum group O+n acts on C
n via
α(ej) =
n∑
i=1
ei ⊗ uij , i, j = 1, ..., n
where ej (j = 1, ..., n) is the standard basis for C
n. Let ξ ∈ Cn. Then the relation
α(ξ) = ξ ⊗ 1 in terms of the basis ej defines a Woronowicz C
∗-ideal (cf. [22])
Iξ of C(O
+
n ). Define O
+,ξ
n−1 to be the quantum subgroup of O
+
n that fixes ξ, i.e.,
C(O+,ξn−1) := C(O
+
n )/Iξ. Note that O
+,ξ
n−1 is isomorphic to O
+
n−1.
Theorem 2.6. ([6, Theorem 4.1]) Let n ≥ 4. The the following are true.
(1) O+n = 〈On, O
+, ξ
n−1〉 for each ξ on the unit sphere S
n−1 in Rn, where On is the
classical orthogonal group.
(2) For any pair of linearly independent vectors ξ1, ξ2 on S
n−1, O+n = 〈O
+, ξ1
n−1 , O
+, ξ2
n−1 〉.
Let G1 and G2 be CQGs. Then there is a CQG, denoted by G1∗ˆG2, such that
the free product C(G1) ∗ C(G2) = C(G1∗ˆG2) (cf. [19]). The notation G1∗ˆG2 is
introduced in 2.1 of [6] referring to the reduced algebra Cr(G1) ∗ Cr(G2), but we
prefer to use this to refer to the full C∗-algebra C(G1) ∗C(G2) under the universal
norm. It makes no difference since the reduced and the full algebras describe the
same quantum group (cf. III.7(2) in [20]).
Theorem 2.7. ([6, Theorem 4.2]) Let S2n be the permutation group on 2n symbols
with n ≥ 2. Then O+2n = 〈S2n, O
+
n ∗ˆO
+
n 〉.
Next we recall the notion of amenable traces on C∗-algebras and the Kirchberg’s
factorization property. The main theorem on this is due to Kirchberg (cf. [13]),
which is presented in more digestable form in [14, Theorem 6.1], and [8, Theorem
6.2.7]. To state it, we fix some notation first.
Let A be a unital C∗-algebra and τ a trace onA with the GNS-triple (πτ , Hτ ,Λτ (1)),
where Λτ (x) is the canonical image of x ∈ A in the GNS Hilbert space Hτ . Denote
by πopτ the representation of the opposite C
∗-algebra Aop of A on Hτ defined by
πopτ (b)Λτ (x) = Λτ (xb), b, x ∈ A.
This gives rise to a representation (πτ · π
op
τ )alg of A⊗alg A
op on Hτ by
(πτ · π
op
τ )alg : A⊗alg A
op ∋
∑
k
ak ⊗ bk 7−→
∑
k
πτ (ak)π
op
τ (bk) ∈ B(Hτ )
which is continuous with respect to the maximal tensor norm.
The normalized trace on the k × k matrix algebra Mk is denoted by trk.
Theorem 2.8. ([13, Proposition 3.2], [14, Theorem 6.1], [8, Theorem 6.2.7])
For a trace τ on a C∗-algebra A in B(H), the following are equivalent.
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(1) The trace τ extends to an A-central state ψ on B(H), i.e., the trace τ extends
to a state ψ on B(H), such that ψ(uxu∗) = ψ(x) for every x in B(H) and every
unitary u in A.
(2) There is a net of unital and completely positive (abbreviated UCP) maps ϕn :
A→Mkn such that τ(a) = lim
n
trkn(ϕn(a)) and lim
n
trkn(ϕn(b
∗a)−ϕn(b
∗)ϕn(a)) = 0
for all a, b in A.
(3) The representation (πτ · π
op
τ )alg is continuous with respect to the minimal
tensor norm on A⊗alg A
op.
Definition 2.9. A trace τ is called amenable if it satisfies the equivalent condi-
tions in Theorem 2.8. The net ϕn in (2) above is called a factorization net for
τ , and the second condition in (2) is called the approximate multiplicativity
condition.
Definition 2.10. Let G be a CQG of Kac type with Haar trace h. Its discrete
quantum group dual Gˆ is said to have Kirchberg’s factorization property (or
simply the factorization property) if τ is amenable.
Denote πh by λ and define representation ρ of C(G) by
ρ(a)Λh(b) = Λh(bκ(a)), a, b ∈ C(G).
Then we can replace the opposite C∗-algebra C(G)op with the C∗-algebra C(G) in
the above formulation, and πh ⊗alg π
op
h is replaced with λ ⊗alg ρ, as stated in the
introduction of this paper.
Remark 2.11. Note that if Gˆ has Kirchberg’s factorization property, then
its Haar trace is hyperlinear, cf. [13, Proposition 3.2] and [6, Definition 2].
Proposition 2.12. ([8, Proposition 6.3.7]) The set of amenable traces on A is a
weak∗-closed convex face in the space of tracial states on A.
Proposition 2.13. ([14, Proposition 7.3], [7, 5.5]) If τi are amenable traces on Ai
(i = 1, 2), then the free product τ1 ∗ τ2 is an amenable trace on A1 ∗A2.
3. Amenable Trace on Generated Quantum Subgroup
In this section, we prove the general result that if G1 and G2 are CQGs with
amenable Haar traces, then the quantum 〈G1, G2〉 generated by them is a CQG with
amenable Haar trace. This will be used later to prove the factorization property of
discrete quantum groups Û+n and Ô
+
n .
Lemma 3.1. Let (G1, π1) be a quantum subgroup of a CQG G with surjection
π1 : C(G) → C(G1), and amenable Haar trace hG1 . Let τ1 = hG1 ◦ π1. Then τ1 is
an amenable trace on C(G).
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Proof. This is essentially Proposition 6.3.5(2) in [8]. We include a complete proof
however as [8] does not provide an explicit proof but leaves it for the reader.
Let j : C(G) →֒ B(HG) and j1 : C(G1) →֒ B(HG1) be faithful non-degenerate
representations.
Extend j1π1 : C(G) → B(HG1) to UCP maps Φ1 : B(HG) → B(HG1) using
Arveson extension theorem. Now consider the amenable extension of hG1 to
h˜G1 : B(HG1)→ C.
Consider the functionals h˜1 = h˜G1 ◦ Φ1 : B(HG) → C. Evidently h˜1 is a state
on B(HG). For any unitary element u in j(C(G)), and T ∈ B(HG), we compute
h˜1(u
∗Tu) = h˜G1 ◦ Φ1(u
∗Tu)
= h˜G1(Φ1(u)
∗Φ1(T )Φ1(u))
= h˜G1(j1π1(u)
∗Φ1(T )j1π1(u)),
where in the second identity above, we use the fact that u is in the multiplicative
domain of Φ1 because Φ1 is the Arveson extension of j1π1. Since C(G1) is non-
degneratedly represented in B(HG1), j1π1(u) is a unitary element in the image
j1(C(G1)). Now the assumption that h˜G1 is amenable extension of hG1 gives
h˜G1(j1π1(u)
∗Φ1(T )j1π1(u)) = h˜G1(Φ1(T )) = h˜1(T ).
In addition, for a ∈ C(G),
h˜1(a) = h˜G1(Φ1(a))
= h˜G1(π1(a)) (Φ1 is an extension of π1)
= hG1(π1(a)) = τ1(a).
This shows that τ1 is an amenable trace on C(G), since the amenability of trace
is independent of any faithful representation. 
Lemma 3.2. Let τ1 and τ2 be amenable traces on C(G). Then their convolution
τ1 ⋆ τ2 := (τ1 ⊗ τ2)∆G is also an amenable trace.
Proof. Given that τ1 is an amenable trace on C(G), by Theorem 2.8, there exists
a net of UCP maps {ϕ1n} such that
ϕ1n : C(G)→Mkn (3.1)
τ1 = lim
n
trkn ◦ ϕ
1
n pointwise (3.2)
lim
n
trkn(ϕ
1
n(b
∗a)− ϕ1n(b)
∗ϕ1n(a)) = 0, for all a, b ∈ C(G). (3.3)
Similarly for amenable trace τ2 on C(G), there exists a net of UCP maps {ϕ
2
m}
with the same properties above.
Now the state τ1 ⋆ τ2 on C(G) is defined by
τ1 ⋆ τ2 = (τ1 ⊗ τ2)∆G,
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where ∆G is the coproduct on C(G). It is trivial to check that if τ1 and τ2 are
traces on C(G), then so is τ1 ⋆ τ2.
Consider the net of UCP maps ϕ(n,m) defined by
ϕ(n,m) = (ϕ
1
n ⊗ ϕ
2
m)∆G : C(G)→Mkn ⊗Mkm
∼= Mknkm .
We claim that the ϕ(n,m)’s are a factorization net for τ1⋆τ2. We proceed by checking
the two conditions in Theorem 2.8(2).
For a ∈ A, let ∆G(a) =
∑
i
a1i ⊗ a2i, which is a finite sum by property of the
Hopf algebra A. Then
ϕ(n,m)(a) =
∑
i
ϕ1n(a1i)⊗ ϕ
2
m(a2i)
(trkn ⊗ trkm)ϕ(n,m)(a) =
∑
trknϕ
1
n(a1i)trkmϕ
2
m(a2i).
Since ϕ1n (resp. ϕ
2
m) is a factorization net for τ1 (resp. τ2), we have
lim
(n,m)
(trkn ⊗ trkm)ϕ(n,m)(a) = lim
(n,m)
∑
trknϕ
1
n(a1i)trkmϕ
2
m(a2i)
=
∑
τ1(a1i)τ2(a2i) = (τ1 ⊗ τ2)∆G(a)
= τ1 ⋆ τ2(a)
Since A is dense in C(G), the above holds for all a ∈ C(G).
Next, we check the approximate multiplicativity condition of ϕ(n,m) in Theo-
rem 2.8(2), i.e.,
(trkn ⊗ trkm)(ϕ(n,m)(b
∗a)− ϕ(n,m)(b
∗)ϕ(n,m)(a))→ 0 (3.4)
for a, b ∈ C(G). Note that it is in fact enough to check only
(trkn ⊗ trkm)(ϕ(n,m)(b
∗b)− ϕ(n,m)(b
∗)ϕ(n,m)(b))→ 0 (3.5)
for b ∈ C(G).
To see this, any UCP map θ : A → Mk from a C
∗-algebra A gives rise to a
positive semi-definite form on A defined by
〈x, y〉 := tr(θ(y∗x)− θ(y∗)θ(x)), x, y ∈ A. (3.6)
Hence this satisfies the Cauchy-Schwarz inequality
|〈x, y〉| ≤ ‖x‖‖y‖, ‖x‖ := 〈x, x〉
1
2 . (3.7)
Applying this with x = a, y = b for the corresponding UCP’s above, we see (3.4)
follows from (3.5).
To check (3.5), let b ∈ A and ∆G(b) =
∑
i
b1i ⊗ b2i (a finite sum). Then
∆(b∗b) = ∆(b∗)∆(b)
=
∑
i,j
b∗1ib1j ⊗ b
∗
2ib2j .
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Hence,
ϕ(n,m)(b
∗b) =
∑
i,j
ϕ1n(b
∗
1ib1j)⊗ ϕ
2
m(b
∗
2ib2j).
Also,
ϕ(n,m)(b
∗)ϕ(n,m)(b) =
∑
i
ϕ1n(b1i)
∗ ⊗ ϕ2m(b2i)
∗
∑
j
ϕ1n(b1j)⊗ ϕ
2
m(b2j)
=
∑
i,j
ϕ1n(b1i)
∗ϕ1n(b1j)⊗ ϕ
2
m(b2i)
∗ϕ2m(b2j)
Combining the above,
(trkn ⊗ trkm)(ϕ(n,m)(b
∗b)− ϕ(n,m)(b)
∗ϕ(n,m)(b))
= (trkn ⊗ trkm)
∑
i,j
ϕ1n(b
∗
1ib1j)⊗ ϕ
2
m(b
∗
2ib2j)
−(trkn ⊗ trkm)
∑
i,j
ϕ1n(b1i)
∗ϕ1n(b1j)⊗ ϕ
2
m(b2i)
∗ϕ2m(b2j)
=
∑
i,j
trkn(ϕ
1
n(b
∗
1ib1j))trkm(ϕ
2
m(b
∗
2ib2j))
−
∑
i,j
trkn(ϕ
1
n(b1i)
∗ϕ1n(b1j)trkm(ϕ
2
m(b2i)
∗ϕ2m(b2j)) (∗)
Applying the assumption in (3.3) for ϕ1n and a similar one for ϕ
2
m to the last ex-
pression (∗) for the computation of (trkn ⊗ trkm)(ϕ(n,m)(b
∗b)−ϕ(n,m)(b)
∗ϕ(n,m)(b))
above, we obtain
lim
(n,m)
∑
i,j
[trkn(ϕ
1
n(b
∗
1ib1j))trkm(ϕ
2
m(b
∗
2ib2j))
−
∑
i,j
trkn(ϕ
1
n(b1i)
∗ϕ1n(b1j)trkm(ϕ
2
m(b2i)
∗ϕ2m(b2j))] = 0.
Therefore we have shown that for b ∈ AG,
lim
(n,m)
(trkn ⊗ trkm)(ϕ(n,m)(b
∗b)− ϕ(n,m)(b)
∗ϕ(n,m)(b)) = 0.
This continues to hold for any b ∈ C(G) by the density of AG in C(G). 
Theorem 3.3. Let G be a CQG with tracial Haar state hG. Let G1 and G2 be
quantum subgroups of G with tracial Haar states hG1 and hG2 . Further assume that
hG1 and hG2 are amenable traces. Then hG is amenable if G = 〈G1, G2〉.
Proof. From Proposition 2.5(3), we have
hG = lim
k→∞
(τ1 ⋆ τ2)
⋆k
pointwise on AG, where each τi = hGiπi (i = 1, 2) is amenable by Lemma 3.1. By
Lemma 3.2 all traces of the form (τ1 ⋆ τ2)
⋆k on C(G) are amenable. Therefore, on
the dense subalgebra AG, hG is approximated by amenable traces pointwise. Usual
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density arguments extend it to the full algebra C(G). Hence hG is a weak*-limit of
amenable traces and is therefore an amenable traces by Proposition 2.12. 
4. Kirchberg’s factorization property for
discrete quantum groups Û+n and Ô
+
n , n 6= 3
In this section, we show that for n 6= 3, the discrete quantum group duals
Û+n and Ô
+
n have Kirchberg’s factorization property (we will simply call this the
factorization property).
Recall that a for a compact quantum group G with tracial Haar measure hG,
the discrete dual Gˆ has the factorization property if and only if hG is amenable.
We will show that hG is amenable when G is one of U
+
n and O
+
n and n 6= 3.
Lemma 4.1. Ô+2 has the factorization property.
Proof. Since C(O+2 ) is a nuclear C
∗-algebra, every trace on it is amenable. 
Lemma 4.2. Ô+2 ∗ Ô
+
2 has the factorization property.
Proof. The statement of the lemma means the Haar state on C(O+2 )∗C(O
+
2 ) is an
amenable trace on account of C(O+2 )∗C(O
+
2 ) = C
∗(Ô+2 ∗ Ô
+
2 ).
By [19], the Haar state on C(O+2 )∗C(O
+
2 ) is the free product hO+
2
∗ hO+
2
, which
is a trace by [1] since hO+
2
is one. By Proposition 2.13 along with the above lemma,
hO+
2
∗ hO+
2
is amenable. 
Theorem 4.3. Ô+n has the factorization property for n 6= 3.
Proof. The case n = 2 is Lemma 4.1.
For n = 4, by Theorem 2.7, we have
O+4 = 〈S4, O
+
2 ∗ˆO
+
2 〉
where S4 is the ordinary permutation group. Since the commutative algebra C(S4)
is nuclear (so its Haar state is amenable), by combining Lemma 4.2 and Theo-
rem 3.3, we deduce that Ô+4 has the factorization property.
For n > 4, by Theorem 2.6
O+n = 〈On, O
+, ξ
n−1〉, ξ ∈ S
n−1,
where Sn−1 is the unit sphere in Rn centered at the origin. As O+, ξn−1
∼= O+n−1 for all
ξ and On is a ordinary compact group, by using Theorem 3.3 again and induction
we conclude that Ô+n has the factorization property. 
Theorem 4.4. Û+n has the factorization property for n 6= 3.
Proof. In [3], Banica showed that the morphism of Woronowicz C∗-algebras
π : C(U+n )→ C(T) ∗ C(O
+
n ), π(uij) = zaij (4.1)
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restricts to an injection of Hopf ∗-algebras
π : AU+n →֒ AT ∗ AO+n , (4.2)
where we use aij to denote the generators of C(O
+
n ). By property of the Haar state
(see formula (2.1)), the Haar state hU+n on AU+n is the restriction of the Haar state
hT ∗ hO+n on AT ∗ AO+n :
hU+n = (hT ∗ hO+n ) ◦ π. (4.3)
By density of AU+n in C(U
+
n ), (4.3) is still valid on C(U
+
n ). By Proposition 2.13
and Theorem 4.3, hT ∗ hO+n is amenable. Hence there exists a net of UCP maps
ϕn : C(T) ∗ C(O
+
n )→Mkn with factorization property. Consider the maps
ϕn ◦ π : C(U
+
n )→Mkn . (4.4)
It is easy to see that,
lim
n→∞
trkn(ϕnπ(ab)− ϕnπ(a)ϕnπ(b)) = 0,
for a, b ∈ C(U+n ), where trkn is the normalized trace on Mkn .
We also have that
lim
n→∞
trknϕnπ(a) = (hT ∗ hO+n )(π(a)) = hU+n (a)
for a ∈ AU+n . The last limit obviously extends to all a ∈ C(U
+
n ) by the usual
density argument.
This proves that hU+n is amenable. 
Remark 4.5. By virtue of Theorem 6.2.7 in [8], the exact same argument after
(4.3) above proves Proposition 6.3.5(2) in [8] again, as the proof of Lemma 3.1
does. Namely, if J ⊳ A is a closed ideal and τ is an amenable trace on A/J , then
the induced trace τπ on A is also amenable, where π : A→ A/J .
Problem 4.6. Just as the main results in [9] and [6], Theorems 4.3 and 4.4 excludes
the case n = 3. However, we believe that all these results should equally hold for
n = 3. To prove that, we may need to develop new tools or a different method of
proof.
Problem 4.7. For other quantum groups of Kac type such as the quantum auto-
morphism groups in [21, 4], it would be interesting to determine if they have the
factorization property, though we have the following obvious result because C(S+4 )
is nuclear [5], C(S+4 ) being the notation of Banica et al. for Aaut(X4) in [21].
Proposition 4.8. The discrete dual Ŝ+4 of the quantum permutation group S
+
4 has
the factorization property.
12 ANGSHUMAN BHATTACHARYA AND SHUZHOU WANG
In forthcoming work, we will generalize Kirchberg’s factorization property to
non-Kac type discrete quantum groups.
Acknowledgments. The authors thank the referees for careful reading of the
manuscript.
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